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Abstract One-parameter irreducible representation of the spl(2, 1) superalgebra is studied
on subspace and quotient spaces of the universal enveloping algebra of Heisenberg-Weyl
superalgebra. The parameter o may be related to the interaction parameter U in one exactly
solvable model for correlated electrons.
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1 Introduction

A series of models of correlated electrons on a lattice and exactly solvable in one dimen-
sion and supersymmetric, such as Hubbard and extended Hubbard models and ¢-J model,
EKS model, BGLZ model [1], has been extensively studied due to their promising role
in theoretical condensed-matter physics and possibly in high-7, superconductivity. Those
models contain one symmetry-preserving free real parameter which is the Hubbard inter-
action parameter U. One-parameter irreducible representations of Lie superalgebra have
played an important role in constructing supersymmetrical models. The supersymmetrical
algebra of BGLZ model for correlated electrons on the unrestricted 4°-dimensional elec-
tronic Hilbert space ®,€:1 C* is superalgebra gl(2|1). Some irreducible representations of
Lie superalgebras spl(2, 1) and gl(2|1) have been given by Chen [2—4]. One-parameter inde-
composable representation of the spl(2, 1) superalgebra has been studied [5]. In the present
paper we shall be concerned with the spl(2, 1) superalgebra. The purpose of the present pa-
per is to study new one-parameter irreducible representation of the spl(2, 1) superalgebra
on subspace and quotient spaces of the universal enveloping algebra of Heisenberg-Weyl
superalgebra in terms of indecomposable representation of this superalgebra.
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2 One-Parameter Irreducible Representation of the spl(2, 1)

In accordance with Chen [2] the generators of the spl(2, 1) superalgebra read as follows:

{03, 04,0, Bespl2, g | Vi, Vo, Wy, W_espl(2, D} ey

and satisfy the following commutation and anticommutation relations:

[Q3, Q+]=+0s, [Q+, 0-1=205, [B,Q:]=[B,03]=0

1 1 1
[Q3,Vi]=iEVi, [Q3,Wi]=i§Wi, [B, Vi»]=5Vj:

1
[B»Wi]Z—EWi, [Q+, Vi]= Vs, [O+, We] = Wy, [0+,Vi]=0 (2)
[O+, Wi]=0, {(Vi, Vi ={Vy, Vo) = {Wy, Wi = (Wi, Wi} =0,
{(Va, Wil =20y, {(Va, Wil =—-03 £ B.
In Ref. [5] we have obtained one-parameter indecomposable representation of the

spl(2, 1) superalgebra.
The generalized Fock space is defined as a quotient space of V

Y =V/J):{p(k,ar,00) = p(k,0,01,0,2,0) mod J | k € Z¥, 1,0 =0,1}  (3)

where J is the left ideal generated by the element b — A, a; — n; and a, — n,, A is a complex
number and 7, and 7, are generators of the Grassmann algebra G. On this space, a new
representation form can be obtained as follows

1 1 1
L(Q3)¢(k, a1, a2) = <—5" +k+ i + 5052>¢(k,061,0l2),
LOQpok,ap,a2) =m—k—oa;—a)ek+1,a1,az),
L(Q )k, a1, 00) =kep(k — 1, a1, ),

1 1 1
L(B)p(k, a1, 07) = [(5 +a>n — 5 Eaz}wk,al,az),

LV Kk, oy, 00) =ajVagk+ 1,0 — 1, 0)
+ (=D —a)(n—k—a)VT+apk, a0 +1), (@)
L(VO)¢(k, oy, a0) =ayagpk,ay — 1, a2)
— (=D (1 —a)V1+akp(k— 1o, 00+ 1),
LWk, ar,a0) = (=) aov/T+ag(k + 1, ay, a0 — 1)
+(—n+k+o)(1—aNVapk,a;+1,a,),
LW )k, ay,a2) = (1 —ay)Jakg(k — 1, 4+ 1, a7)
+ (=D 1+ ap(k, oy, 0 — 1).
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We can easily see that the representation (4) is an infinite-dimensional irreducible represen-
tation when n ¢ Z*. Obviously, the invariant subspace exists whenn € Z ™,

Yn):{¢pk,a,an) €Y |k+ay+ar<n,keZ",a;,a, =0,1},

. )
dimY (n) =4n,
and there is no invariant complementary subspace. Thus, the representation (4) is indecom-
posable. Restricting the representation given by (4) to the invariant subspace Y (n), we can
obtain a finite-dimensional irreducible representation of the spl(2, 1).
For the sake of simplicity, we redefine the basis of Y (n) as

. _ (J—m)!2j — o —a)!
lj,m,ap, o) = | — , -
G+m!(j—m—a)!(j —m—ay)!

X¢(j+m,0l1,(¥2), (6)

m=—j,—j+1,...,j, whena; =0,0,=0,
m=—j,—j+1,...,j—1, whena;=0,0, =1, @
m=—j,—j+1,...,j—1, whena;=1,0,=0,

m=—j,—j+1,...,j—2, whena;=1,0,=1.

The action of the generators of the spl(2, 1) on the new basis vector is straightforwardly
obtained with the help of (4) and (6). One finds

. 1 1 )
Oslj,m, a1, ) = <m + ket + 5a2>|j,m,a1,az>,

(j+m+1D( —m)

(=—m—a)(j —m—az)

|j,m+1,(¥1,a2),

Qiljsm,ar,00) =( —m —a —Otz)\/

. G+m)(-—m+l-—a)(j—m+1l-w) .
Q*l]ﬂm’alaO[Z): |jsm_]’alva2>a

j—m+1

. | 1 )
Blj,m,ay,0) = [(1 +2a)j — S~ 5052]|j7m,0!170!2),

Vilj,m,ap, o) = (D" (1 —a)vV1+a(j —m —ay) |j,m,op, 00+ 1)

GAm+DG=m - Lo, ®)

+011\/5\/ -
j—m—oan
V_|jm,ar,a0) =aay/ j—m+1—aljm o — 1, )

_(_1)a1(1—a2)~/1+a\/ Jtm

(J—m+D(—m—a)

X |j,m—1,01,00+ 1)
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. . 1 .
W+|],m,a1,0l2)=—(1—a1)«/a(J—m—az)ﬁmm,m-l-l,az)
i+m+1)(j—m) .
+(—1>“1a2¢1+a\/” mt DU b 1 — 1)
J—m—=a
. i +m)(j—m+1—owy) .
W|],m,c¥1,a2)=(1—0ll)\/f;\/0 );]—m+1 D jm—1a+1,02)

+ (=D T+ayj—m+1—aljma,a—1),

where we restrict |j, j + 1,1, 0) =|j, —j — 1, a1, ) =0.

3 Conclusion

To illustrate the irreducibility of the spl(2, 1) representation, we have a simple discussion.
In the first place, the representation space Y (2j) set up by all |j, m, oy, op) marked with
J is invariant under the action of the spl(2,1) generators. In the next place, there is no true
subspace in the Y (2j). It is clear from (8) that this representation is a 8 j-dimensional irre-
ducible representation.

We have obtained one-parameter irreducible representation. All the finite-dimensional
one-parameter irreducible representation of the spl(2, 1) have been given on the subspace
of the generalized Fock space. In terms of the conclusion it may be of use for further re-
searches on one-parameter coherent state of the spl(2,1) superalgebra and for determining
new supersymmetrical quantum model corresponding to the spl(2, 1).

Appendix

Here we derive the new representation form (4) in terms of one-parameter indecomposable
representation of the spl(2, 1) superalgebra. In following space

Vi{pk,l oy, Br,on, Bk, 1 € ZF oy, 1,00, f =0, 1} (A.1)
its explicit form as follows:
L(Q3)¢(k, L, a1, Bi, a2, B2)

1 1 1
= <—5n +k+ 7% + 5a2)¢(/€,l,alvﬂ1,0{27ﬂz) +ok+ 1,14+ 1,1, Bi1,02, B2)

1
+ E(—l)“‘ (I —apek,lar+ 1,8+ 1,02, B2)

1
+ 5(—1)‘”2(1 —a)pk, Loy, Broon+1, B+ 1),

L(Q+)¢(k,l,(¥],ﬂ],(¥2, ﬂ2)
=(l’l _k_al _a2)¢(k+ 17150517 ﬁla‘x27 /32) _¢(k+271+ 1!“17 /317a27 ;32)
— (DA —angk+ 1, Lar+ 1,81+ 1,2, B2)

@ Springer



Int J Theor Phys (2009) 48: 43-49 47

— (=D —a)pk+ 1,1l a1, fr,aa+ 1, o+ 1),
L(Q*)(ﬁ(kvl’al’ ﬂlaa27 ﬂ2) :¢(k7l+ 15“17 ﬂlaa27 ﬂZ) +k¢(k_ lal7alaﬂl7a25ﬂ2)a
L(B)¢(k,l,(¥1, ﬂlaa27 ﬂ2)

1 1 1
= [(5 +a)n — 5o Eaz]qﬁ(k,l,al,ﬂl,az,ﬂz)

1
+ 5(—1)“‘(1 —a)gk, Loy + 1,1+ 1, 2, B2)

+%(—1)“2(1 —a)pk, Loy, B+ 1, B+ 1),
LV (kL ar, Br, oz, B2)
=D A —a)n—k —a)VI+apk, Loy, fr.or+ 1, B2)
+ (=D Vagk+1,1,a1, B + 1,2, B2) (A2)
+aagk+ 1,101 —1, 81,0, B2)
— (=D —a)VT+apk+ 1,1+ 1,01, Bi,00 + 1, B2)
— (=D A —a)d —a)V1+aptk, Loy + 1,8+ 1, a0+ 1, B),
L(VO)¢(k, L, an, Br,az, B2)
=(=D"Vapk, 1 ar, pi+ 1,02, ) +arv/apk,lay — 1, B, a2, B2)
— (=D —a)VT+agk, I+ 1, a1, B + 1, B2)
— (=D (1 — o)V +akd(k — 1,1, a1, B,z + 1, Bo),
LWk, L, ar, Bi, oz, B2)
=(—n+k+m)1—aDvagk,la,+ 1,1, a2, B2)
+ (=D T ag(k+ 1,1, ay, Bro oz, fa+ 1)
+ (D" T+agk+ 1,101, Br.on— 1, B2)
+ A —aDJagk+ 1,1+ 1,0, +1, B, a0, B2)
+ (=121 —a)( —a)Vapk, Loy +1, B, 00+1, B+ 1),
L(W_)g(k, L, ar, Bi, oz, B2)
= (=Dt T rapk, L ar, Bi, o, B+ 1)
+ (=D Pron T+ agk, 1y, fi,az — 1, )
+ (I —a)apt, 1+ 1, +1, 61, a2, B)
+ (I —a)Vakptk— 1,1, a1 + 1, B, a2, Bo).

The generalized Fock space is defined as a quotient space of V
Y=/ :{pk,a,0)=¢k,0,a1,0,00,0) mod J [k € ZT, aj, a0 =0,1} (A.3)

where J is the left ideal generated by the element b — A, a; — 1y and~a2 — 1o, A 1S @ com-
plex number and 1, and n, are generators of the Grassmann algebra G. On this space, the

@ Springer



48 Int J Theor Phys (2009) 48: 43-49

representation (A.2) induces the new representation
L(Q3)p(k, a1, a2)

1 1 1
= <—§n +k+ ok + 5a2>¢(k70l1»0l2) +Ap(k+ 1, a1, a2)

+ %(1 —a)mek,on +1,00) + %(1 —a)me(k, 01,00+ 1),
L(Q )¢k, a1, a2)
=n—k—a—a)pk+1,a1,a07)
—dpk+2,a1,00) — (1 —ap)metk+ 1,0+ 1, a0)
— (I —a)mek+1, 01,2+ 1),
L(Q_)p(k, oy, 00) =Ap(k, ay, 00) + kp(k — 1, a1, 00),
L(B)p(k,ay, )

1 1 1 1
= I:(E +a>n —3% - §a2]¢(k,a1,a2) - 5(1 —ap)mek, o +1,a2)

— %(1 —a)mek, a1, a + 1),
L(Vy)g(k, a1, a2)
= (D" Vamotk+ 1,1, a)
+ (=D (1 —a)(n —k —a)VI+apk, a0+ 1)
— (=D (1 — V1 +arpk+ 1, 01,00+ 1) (A4)
—(l—a)(I —a)VT+ampk, o1 + 1,0+ 1)
+avagk+ 1,01 — 1, a0),
L(V_)p(k, ar, a2)
= (D" Vamk, ar, o) — (D) (1 —a)vV T+ arp (k, a1, 00+ 1)
— (=D (1 —a)V1+akp(k — 1,01, 00+ 1)
+aagk, o —1,0,),
LW (k, o, a2)
=(=D"oV/T+apk+ 11,0 —1)
+ (—n+k+a)( —aDvagk,ar+1,07)
+ (=D T+ amp(k+ 1,1, )
+ (A —a)Vargk+ 1 a;+ 1, )+ (1 —a)(l —a)Vampk,ay + 1,0+ 1),
LW (k, oy, a2)
= (=DM /T Fame(k, ar, a2) + (=D ar/T+ap(k, @, @ — 1)
+ (1 —a)Voargk, o+ 1,00) + (1 — ) Jakdp(k — 1,01+ 1, ).
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The representation given by (A.4) is an infinite-dimensional irreducible representation
for the cases A # 0,11 # 0 or n; # 0. When A = n; = n, = 0, the representation (A.4)
becomes

1 1 1
L(Q3)¢(k, a1, a2) = (_En +k+ e + §a2>¢(k,061,0l2),

LOQp¢k,ar,ar) =m—k—oa;—a)pk+1,a1,az),
L(Q )¢k, oy, a0) =kep(k— 1, a1, a),

1 1 1
L(B)p(k,ar,a3) = [(5 +a>n 5 Eaz]qﬁ(k,al,az),

L(Vo)ek, ar, o)
=ajvapk+ 1,01 — 1, )
+ (=D (1 —a)(n —k —a)V1+adk, a1, 0+ 1),
L(V_)p (k, oy, az) (A5)
=avapk, oy — 1,a,)
— (=D (1 —a)V1+akpk — 1, a1, a2 + 1),
LW (k, o, o2)
=(—D"ov1+apk+ a0, 1)
+(—n+k+o)(1 —apvagk,a; +1,0),
LW_)p(k, o1, aa)
= (1 —a)vakpk —1, a4+ 1, a) + (=) /1 +agp (k, @y, 0 — 1).
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